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We consider multidimensional second order parabolic equations and the first order partial differential
equations. We consider various splittings of the Cauchy problem in the case when the coefficients of the
equation depending on time and all space variables and have a special form. The uniform correctness
of the split problems, that is, a sufficient condition for the split problems solutions convergence to the
solutions to the original problems and the uniform correctness of this problem is proved in classes of
smooth functions.
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The question of convergence of the weak approximation method — WAM (a method of frac-
tional steps in the diﬀerential form) where the problem of the split problem solution convergence
to the solution to the original problem with the Cauchy data is investigated in [1–3]. The uniform
correctness of the split problem and its diﬀerential extensions is supposed in the speciﬁed works.
We consider multi-dimensional second order parabolic equations and the ﬁrst order partial
diﬀerential equations. We consider various splittings of the Cauchy problem in the case when the
coeﬃcients of the equation depend on time and all space variables and have a special form. The
uniform correctness of the split problems, that is, a suﬃcient condition for the split problems
solutions convergence to the solution to the original problem and the uniform correctness of this
problem is proved in classes of smooth functions under suﬃcient smoothness condition of the
initial data. The uniform correctness of the original problem is not supposed.
The obtained results can be applied to nonlinear equations and systems by the splitting
method on the linear equations of the above mentioned type and equations containing nonlinear
members [4-6].
For splitting of various equations and systems of the equations of mathematical physics at a
diﬀerential level see [7–9]. The convergence of WАM for the diﬀerential evolutionary equations
in Banach spaces is treated in [7].
The multi-dimensional problems of the coeﬃcients identiﬁcation of the second order partial
diﬀerential equations in a case when known leading coeﬃcients depend only on the time variable
are investigated in [4–6]. This is connected by application of WAM for the proof of solvability of
input problems and the requirement in doing so stability of the split problems in some functional
classes.
We shall prove exponential stability of the split problems for the multi-dimensional equations
that allows to investigate, in particular, problems of identiﬁcation of unknown coeﬃcients and in
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a case when known coeﬃcients depend on all independent variables and the diﬀerential operator
has a special structure.
We consider in Π[0,T ] = {(t, x)| 0 6 t 6 T, x ∈ En}, where En is the n-dimensional Euclidean
space, n > 1, the Cauchy problem for the equations
ut =
n∑
i=1
bi(t, x)uxi(t, x),
ut =
n∑
i=1
ai(t, xi)uxixi(t, x),
ut =
n∑
i=1
ai(t, xi)uxixi(t, x) +
n∑
i=1
bi(t, x)uxi(t, x) + c(t, x)u(t, x) + f(t, x),
and we investigate the stability of the corresponding splittings of these problems.
1. Equation of the First Order
1.1. Formulation of Theorems 1.1, 1.2
Consider in Π[0,T ] = {(t, x)|0 6 t 6 T, x ∈ En}, the problem
ut =
n∑
i=1
bi(t, x)
∂u(t, x)
∂xi
, (1.1.1)
u(0, x) = u0(x), x ∈ En. (1.1.2)
Here, bi(t, x) and u0(x) are functions given in Π[0,T ] and En, respectively.
We split the problem (1.1.1), (1.1.2) into one-dimensional problems [3, 7]
uτt = nb1u
τ
x1 , kτ < t 6 (k +
1
n )τ, (1.1.31)
uτt = nb2u
τ
x2 , (k +
1
n )τ < t 6 (k +
2
n )τ, (1.1.32)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
uτt = nbiu
τ
xi , (k +
i−1
n )τ < t 6 (k +
i
n )τ, (1.1.3i)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
uτt = nbnu
τ
xn , (k +
n−1
n )τ < t 6 (k + 1)τ, (1.1.3n)


(1.1.3)
uτ (0, x) = u0(x), x ∈ En, (1.1.4)
where τ =
T
N
, k = 0, 1, . . . , N − 1, N is an integer.
We take the initial data uτ |t=(k+ i−1
n
)τ on the fractional step i of the step k from the previous
fractional step:
uτ |t=(k+ i−1
n
)τ = lim
t→(k+ i−1
n
)τ
t<(k+ i−1
n
)τ
uτ (t, x), i = 1, . . . , n. (1.1.5)
Assume that the input data of problems (1.1.1), (1.1.2) satisfy
|Dαbi(t, x)| 6 M(p), |α| 6 p, i = 1, . . . , n; (1.1.6)
|Dαu0(x)| 6 C(p), |α| 6 p, (1.1.7)
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in Π[0,T ] and En, respectively. All derivatives in (1.1.6), (1.1.7) are continuous. In (1.1.6), (1.1.7)
α = (α1, . . . , αn) is a multi-index, D
α =
∂|α|
∂xα11 . . . ∂x
αn
n
, |α| =
n∑
i=1
αi, p > 1 is an integer.
The following theorems are valid.
Theorem 1.1. Let the conditions (1.1.6), (1.1.7) hold. Then problem (1.1.3), (1.1.4) has a
unique solution uτ (t, x), and that solution satisfies the inequalitys
|Dαuτ (t, x)| 6 Ck,j(p)e
lτ/n, (t, x) ∈ Π[(k+ j−1
n
)τ,(k+ j
n
)τ ], j = 1, . . . , n; (1.1.8)
|Dαuτ (t, x)| 6 Ck(p)e
lτ , (t, x) ∈ Π[kτ,(k+1)τ ], k = 0, 1, . . . , N − 1; |α| 6 p. (1.1.9)
Here Ck,j(p) = max
|α|6p
sup
En
∣∣∣∣Dαuτ
((
k +
j − 1
n
)
τ, x
)∣∣∣∣, Ck(p) = max|α|6p supEn |D
αuτ (kτ, x)|, the con-
stant l depends only on p and does not depend on τ , C0(p) = C0,1(p) = max
|α|6p
sup
En
|Dαu0(x)| =
C(p).
Theorem 1.2. Let the conditions of Theorem 1.1 be fulfilled. Then the solutions uτ (t, x) of the
problem (1.1.3), (1.1.4) converge to the solution u(t, x) of the problem (1.1.1), (1.1.2) in Π[0,T ]
and uniformly in ΠR[0,T ] for all fixed R, R > 0, together with the derivatives D
αuτ (t, x) with
respect to space variables up to the order p− 1 as τ → 0:
lim
τ→0
Dαuτ (t, x) = Dαu(t, x), (t, x) ∈ Π[0,T ], (1.1.10)
lim
τ→0
‖Dαuτ −Dαu‖C(ΠR
[0,T ]
) = 0, |α| 6 p− 1. (1.1.11)
Under p > 2 the function u(t, x) is the solution to problem (1.1.1), (1.1.2) of the class
C1,p−1(Π[0,T ]).
In (1.1.11) ΠR[0,T ] = {(t, x)|0 6 t 6 T, x ∈ En, |x| 6 R}, R > 0 – const.
Consider the linear partial diﬀerential equation of the ﬁrst order
zt +
n∑
i=1
fi(t, x, λ)zxi + f0(t, x, λ)z = f(t, x, λ). (1.1.12)
Here x = (x1, . . . , xn), and λ = (λ1, . . . λm) is a parameter.
Assumption 1.1. We make the assumption that in the domain Π[0,T ] = {(t, x)|t0 6 t 6 t1, x ∈
En} the functions fi, i > 1, are bounded for every fixed λ. The functions fi, f are continuous,
and partial derivatives fixj , fiλr , i = 0, 1, . . . , n, and fxj , fλr exist, they are continuous and k−1
times continuously differentiable with respect to all n +m + 1 arguments (k > 1). The function
ω(x, λ) is k times continuously differentiable according to all n + m arguments in the domain
−∞ < x1, . . . , xn < +∞, −∞ < λ1, . . . , λm < +∞.
The result of section 4.3 in [8] is formulated as the following theorem.
Theorem 1.3. If the assumption 1.1 for all θ, λ from intervals t0 6 θ 6 t1, −∞ < λ1, . . . , λm <
+∞ is satisfied then the equation (1.1.12) has in Π[t0,t1] the unique integral z = ψ(t, x, θ, λ) with
the initial value ψ(θ, x; θ, λ) = ω(x, λ). This integral is k times continuously differentiable with
respect to all m+ n+ 2 arguments.
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If xi = ϕi(t, θ, η1, . . . , ηn, λ) are characteristic functions of the system
x′i(t) = fi(t, x, λ), i = 1, . . . , n, (1.1.13)
(i.e., integral curves of the system (1.1.13), which go through the point (θ, η1, . . . , ηn)), then the
parametric representation of the integral takes the following form:
xi = ϕi(t, θ, η1, . . . , ηn, λ), i = 1, . . . , n,
z = exp{−F0}{ω(η1, . . . , ηn, λ) +
t∫
θ
f(t, ϕ1, . . . , ϕn, λ) exp{F0}dt}, (1.1.14)
where F0 = F0(t, θ, η1, . . . , ηn, λ) =
t∫
θ
f0(t, ϕ1, . . . , ϕn, λ)dt.
Denote θ = t0, ω(x, λ) = z(t0, x, λ) and assume that the following conditions are fulﬁlled:
|f0(t, x, λ)| 6 M, (t, x) ∈ Π[t0,t1], λ ∈ Em, (1.1.15)
|ω(x, λ)| 6 q, x ∈ En, λ ∈ Em, (1.1.16)
|f(t, x, λ)| 6 N, (t, x) ∈ Π[t0,t1], λ ∈ Em, (1.1.17)
where M , q, N are constants.
By virtue of (1.1.14) we can prove that the estimate
|z(t, x)| 6 eM(t−t0)(q +N(t− t0)), (t, x) ∈ Π[t0,t1]. (1.1.18)
holds due to (1.1.15)–(1.1.17).
1.2. Proof of Theorems 1.1, 1.2
In order to simplify the proof of Theorems 1.1, 1.2, we shall give it in the case n = 2. The
general case can be treated similarly.
Consider in Π[0,T ] = {(t, x, y)|0 6 t 6 T, (x, y) ∈ E2} the Cauchy problem
∂u
∂t
+ a
∂u
∂x
+ b
∂u
∂y
= 0, (1.2.1)
u(0, x, y) = u0(x, y). (1.2.2)
Here a = a(t, x, y), b = b(t, x, y), u0(x, y) are functions given in Π[0,T ], Π[0,T ], E2 respectively.
We replace the problem (1.2.1), (1.2.2) by the problem:
∂uτ
∂t
+ 2a
∂uτ
∂x
= 0, kτ < t 6
(
k +
1
2
)
τ, (1.2.3)
∂uτ
∂t
+ 2b
∂uτ
∂y
= 0, (k +
1
2
)τ < t 6 (k + 1)τ, (1.2.4)
uτ (0, x, y) = u0(x, y), (1.2.5)
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k = 0, 1, . . . , N − 1; τN = T . The initial data on each fractional step is taken from the previous
fractional step:
uτ
((
k +
j − 1
2
)
τ, x, y
)
= lim
t→(k+
j−1
2
)τ
t<(k+ j−12 )τ
uτ (t, x, y), j = 1, 2; k = 0, . . . , N − 1.
The conditions (1.1.6), (1.1.7) become
|Dαa(t, x, y)| 6 M(p), |Dαb(t, x, y)| 6 M(p), (t, x, y) ∈ Π[0,T ], (1.2.6)
|Dαu0(x, y)| 6 C(p), (x, y) ∈ E2, (1.2.7)
α = (α1, α2), |α| = α1 + α2, D
αg =
∂|α|g
∂xα1∂yα2
.
By virtue of Theorem 1.3 we can prove that in the view of (1.2.6), (1.2.7) the solution
uτ (t, x, y) to the problem (1.2.3)–(1.2.5) exists for all τ > 0 in Π[0,T ] (has continuous derivatives
Dαuτ in Π[0,T ] for |α| 6 p and continuous derivatives u
τ
t in Π[0,T ], but u
τ
t has discontinuities on
hyperplanes tk,j =
(
k + j2
)
τ , k = 0, . . . , N − 1; j = 0, 1, 2).
Consider the zeroth whole step (k = 0). At the ﬁrst fractional step we solve the problem
uτt + 2au
τ
x = 0, 0 < t 6
τ
2
, (1.2.8)
uτ (0, x, y) = u0(x, y). (1.2.9)
From (1.1.18), (1.2.6), (1.2.7) (here ω(x, y) = u0(x, y), f = 0, M = 0) it follows that
|uτ (t, x, y)| 6 C(p), 0 6 t 6
τ
2
. (1.2.10)
By diﬀerentiating the problem (1.2.8), (1.2.9) with respect to x, we get for vτ = uτx the
problem
vτt + 2av
τ
x + 2axv
τ = 0, 0 < t 6
τ
2
,
vτ (0, x, y) = u0x(x, y).
(1.2.11)
By virtue of (1.1.18), (1.2.6), (1.2.7) from (1.2.11) we get the inequality
|uτx(t, x, y)| = |v
τ (t, x, y)| 6 C(p)eM(p)τ , 0 6 t 6
τ
2
. (1.2.12)
By diﬀerentiating the problem (1.2.11) with respect to x (diﬀerentiating twice the problem
(1.2.8) with respect to x), for ωτ = uτxx we get the problem
ωτt + 2aω
τ
x + 4axω
τ + 2axxu
τ
x = 0, 0 < t 6
τ
2
,
ωτ (0, x, y) = u0xx(x, y).
(1.2.13)
Taking into account (1.1.18), (1.2.6), (1.2.7), (1.2.12) from (1.2.13) we obtain the inequality
|uτxx(t, x, y)| = |ω
τ (t, x, y)| 6
6 e2M(p)τ (C(p) +M(p)C(p)eM(p)τ τ) 6 C(p)e4M(p)τ .
(1.2.14)
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By diﬀerentiating j times, j = 0, 1, . . . , p, with respect to x the problem (1.2.8), (1.2.9), we
obtain the inequality
∣∣∣∣ ∂
j
∂xj
uτ (t, x, y)
∣∣∣∣ 6 C(p)eC1(p)M(p)τ , j = 0, 1, . . . , p, (t, x, y) ∈ Π[0, τ2 ], (1.2.15)
where the constant C1(p) depends on p only and does not depend on τ .
Below we estimate the derivatives containing diﬀerentiation with respect to the variable y.
We notice that in the problem (1.2.8), (1.2.9) the variable y is a parameter.
Let us estimate uτy . We diﬀerentiate (1.2.8), (1.2.9) with respect to y.
The function ατ (t, x, y) = uτy(t, x, y) is the solution to problem
ατt + 2aα
τ
x + 2ayu
τ
x = 0, 0 < t 6
τ
2
,
ατ (0, x, y) = u0y(x, y), (x, y) ∈ E2.
(1.2.16)
By virtue of (1.1.18), (1.2.6), (1.2.7), (1.2.12) from (1.2.16) we get the inequality
|uτy(t, x, y)| = |α
τ (t, x, y)| 6 C(p) +M(p)C(p)eM(p)τ τ 6
6 C(p)eM(p)τ (1 +M(p)τ) 6 C(p)eM(p)2τ .
(1.2.17)
We diﬀerentiate the problem (1.2.11) with respect to y. For the function βτ =
∂2uτ
∂x∂y
we get
the problem
βτt + 2aβ
τ
x + 2axβ
τ + 2ayu
τ
xx + 2axyu
τ
x = 0,
βτ (0, x, y) = u0xy(x, y).
(1.2.18)
By virtue of (1.1.18), (1.2.6), (1.2.7), (1.2.12), (1.2.14) from (1.2.18) we have
|uτxy(t, x, y)| = |β
τ (t, x, y)| 6
6 eM(p)τ (C(p) +M(p)C(p)e4M(p)τ τ +M(p)C(p)eM(p)τ τ) 6
6 C(p)eM(p)τe4M(p)τ (1 + 2M(p)τ) 6 C(p)e7M(p)τ .
(1.2.19)
We diﬀerentiate the problem (1.2.16) with respect to y. For the function γτ = uτyy we get the
problem
γτt + 2aγ
τ
x + 4ayu
τ
xy + 2ayyu
τ
x = 0,
γτ (0, x, y) = u0yy(x, y).
(1.2.20)
By virtue of (1.1.18), (1.2.6), (1.2.7), (1.2.12), (1.2.19) from (1.2.20) we obtain the following
inequality
|uτyy| = |γ
τ | 6 C(p) + 2M(p)C(p)e7M(p)τ τ +M(p)C(p)eM(p)τ τ 6
6 C(p)e7M(p)τ (1 + 2M(p)τ +M(p)τ) 6
6 C(p)e10M(p)τ , (t, x, y) ∈ Π[0, τ2 ].
(1.2.21)
From (1.2.10), (1.2.12), (1.2.17), (1.2.19), (1.2.21) it follows that
|Dαuτ (t, x, y)| 6 C(p)e10M(p)τ , |α| 6 2, (t, x, y) ∈ Π[0, τ2 ]. (1.2.22)
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Let the integer k belong to the segment [2, p− 1]. Assume that the estimate
|Dαuτ (t, x, y)| 6 C(p)el1(k)M(p)τ , |α| 6 k, (t, x, y) ∈ Π[0, τ2 ], (1.2.23)
holds.
Let us prove that
|Dαuτ (t, x, y)| 6 C(p)el1(k+1)M(p)τ , |α| 6 k + 1, (t, x, y) ∈ Π[0, τ2 ]. (1.2.24)
In (1.2.23), (1.2.24) the constants l1(p), l1(p+ 1) depend on p and p+ 1, respectively.
The derivative Dβuτ = ωτ for |β| = k + 1 is a solution to problem
ωτt + 2aω
τ
x +
∑
|α|6k
ΦαD
αuτ + 2Dγa
∂k+1uτ
∂xk+1
= 0,
ωτ |t=0 = D
βu0.
(1.2.25)
In (1.2.25) the multi-index γ satisﬁes the condition |γ| = 1 and the coeﬃcients Φα are functions
that linearly depend on the derivatives Dαa, |α| 6 k.
By virtue of (1.2.22) from (1.2.25) we get the estimate (1.2.24), whence follows, that
|Dαuτ (t, x, y)| 6 C(p)el1(p)M(p)τ , |α| 6 p, (t, x, y) ∈ Π[0, τ2 ]. (1.2.26)
On the second fractional step (at k = 0) we consider the problem
∂uτ
∂t
+ 2b
∂uτ
∂y
= 0,
τ
2
< t 6 τ,
uτ (
τ
2
, x, y
)
= lim
t→ τ
2
t< τ2
uτ (t, x, y),
(1.2.27)
where uτ ( τ2 , x, y) satisﬁes the conditions
|Dαuτ (
τ
2
, x, y)| 6 C(p)el1(p)M(p)τ , |α| 6 p. (1.2.28)
From the conditions (1.2.6), (1.2.28), we get the estimate
|Dαuτ (t, x, y)| 6 C(p)el1(p)M(p)τel1(p)M(p)τ =
= C(p)el(p)M(p)τ , (t, x, y) ∈ Π[ τ2 ,τ ].
(1.2.29)
In the relation (1.2.29) l(p) = 2l1(p) is a constant.
From (1.2.26), (1.2.29) we have
|Dαuτ (t, x, y)| 6 C(p)el(p)M(p)τ , |α| 6 p, (t, x, y) ∈ Π[0,τ ]. (1.2.30)
Considering the k-th whole step (0 6 k 6 N − 1) and repeating the reasonings which have been
lead in the proof of the relation (1.2.30), considering Ck(p) instead of C(p), we shall obtain the
estimate (1.1.9). The estimate (1.1.8) follows from the proof of the estimate (1.1.9). 2
Proof of the Theorem 1.2. On the second fractional step of the ﬁrst whole step (k = 1),
repeating the reasonings which have been lead in the deduction of the estimate (1.2.30), we shall
obtain that the inequality
|Dαuτ (t, x, y)| 6 C(p)el(p)M(p)τel(p)M(p)τ = C(p)el(p)M(p)2τ , |α| 6 p,
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is valid for (t, x, y) ∈ Π[τ,2τ ].
Clearly, at k-th step
|Dαuτ (t, x, y)| 6 C(p)el(p)M(p)T , (t, x, y) ∈ Π[kτ,(k+1)τ ], |α| 6 p, 0 6 k 6 N − 1,
and, hence,
|Dαuτ (t, x, y)| 6 C(p)el(p)M(p)T = d1, (t, x, y) ∈ Π[0,T ], |α| 6 p. (1.2.31)
From (1.2.31) and the system (1.1.3) it follows that
∣∣∣∣ ∂∂tDαuτ (t, x, y)
∣∣∣∣6 d2, (t, x, y) ∈ Π[0,T ], |α| 6 p− 1. (1.2.32)
The estimates (1.2.31), (1.2.32) guarantee the uniform boundedness and the equicontinuity of
the functions {Dαuτ}, |α| 6 p− 1, in Π[0,T ].
By virtue of Arzela’s theorem (on compactness in C) we can choose a subsequence uτ (without
changing the notation) such that
Dαuτ −→ Dαu, |α| 6 p− 1, τ → 0, (1.2.33)
in Π[0,T ], and uniformly in Π
R
[0,T ] for all ﬁxed R > 0.
By virtue of (1.2.33) and by the convergence Theorem WAM (Theorem 2.4.1 in [7]) the
function u(t, x, y) is the solution to the problem (1.2.1), (1.2.2) in the class C1,p−1(Π[0,T ]). As
the solution of a class C1,p−1(Π[0,T ]) is unique, for this reason all sequence {u
τ (t, x, y)} converges
to u as well as the subsequence chosen above (relations (1.1.10), (1.1.11) are fulﬁlled). 2
2. Parabolic Equation
2.1. Parabolic Equation Containing the Central Derivatives
Consider in Π[0,T ] = {(t, x)|0 6 t 6 T, x ∈ En} the problem
ut =
n∑
i=1
ai(t, xi)uxixi , (2.1.1)
u(0, x) = u0(x), x ∈ En. (2.1.2)
Conditions on the initial data of the problem (2.1.1), (2.1.2):
|Dαu0(x)| 6 Cm, |α| = m, m > 0, (2.1.3)∣∣∣∣∂
mai(t, xi)
∂xmi
∣∣∣∣6 Mm, i = 1, . . . , n, m > 0. (2.1.4)
All derivatives in relation (2.1.3) are continuous in En.
Remark 2.1. It is obvious, that by virtue of (2.1.3), (2.1.4) for any integer p > 0 there are
constants C = C(p), M =M(p) depending on p only such that
∣∣∣∣∂
kai(t, xi)
∂xki
∣∣∣∣6 M(p), k 6 p, i = 1, . . . , n,
|Dαu0(x)| 6 C(p), |α| 6 p. (2.1.5)
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We split the problem (2.1.1), (2.1.2) into one-dimensional problems according to WAM:
uτt = na1u
τ
x1x1 , kτ < t 6
(
k +
1
n
)
τ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
uτt = naiu
τ
xixi ,
(
k +
i− 1
n
)
τ < t 6
(
k +
i
n
)
τ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
uτt = nanu
τ
xnxn ,
(
k +
n− 1
n
)
τ < t 6 (k + 1)τ, (2.1.6)
uτ (0, x) = u0(x), x ∈ En,
τ =
T
N
, k = 0, 1, . . . , N − 1, N is an integer.
We take the initial data uτ |t=(k+ i−1
n
)τ on the i-th fractional step from the previous fractional
step:
uτ |t=(k+ i−1
n
)τ = lim
t→(k+ i−1
n
)τ
t<(k+ i−1
n
)τ
uτ (t, x), i = 1, . . . , n.
By virtue of conditions (2.1.3) and the Theorem 5.1 in [11] we can show that the solution
uτ (t, x) to the problem (2.1.6) exists in Π[0,T ] for any τ (τN = T ), D
αuτ ∈ C(Π[0,T ]), for all
|α| > 0, (Dαuτ )t are continuous in Π[0,T ], but (D
αuτ )t in general has discontinuities in the time
variable points tk,j =
(
k + j−1n
)
τ , j = 1, . . . , n; k = 0, 1, . . . , N − 1.
The following theorems hold.
Theorem 2.1. Let the conditions (2.1.3), (2.1.4) be fulfilled. Then for a fixed p > 0 the
estimates
|Dαuτ (t, x)| 6 Ck,j(p)e
dτ/n, (t, x) ∈ Π[(k+ j−1
n
)τ,(k+ j
n
)τ ], j = 1, . . . , n, (2.1.7)
|Dαuτ (t, x)| 6 Ck(p)e
dτ , (t, x) ∈ Π[kτ,(k+1)τ ], k = 0, 1, . . . , N − 1; |α| 6 p, (2.1.8)
hold, where uτ is the solution to the problem (2.1.6) and Ck,j(p) = max
|α|6p
sup
En
|Dαuτ ((k+ j−1n )τ, x)|,
Ck(p) = max
|α|6p
sup
En
|Dαuτ (kτ, x)|, the constant d depends on C(p) only and does not depend on τ .
Let’s note that in (2.1.7), (2.1.8) we take
C0(p) = C0,1(p) = max
|α|6p
sup
En
|Dαu0(x)|.
Theorem 2.2. If the conditions of Theorem 2.1 are fulfilled, then the solutions uτ (t, x) of the
problem (2.1.6) converge as τ → 0 to the solution u(t, x) of the problem (2.1.1), (2.1.2) in Π[0,T ]
and uniformly in ΠR[0,T ] for all fixed R, R > 0, together with the derivatives D
αuτ (t, x), |α| > 0:
lim
τ→0
Dαuτ (t, x) = Dαu(t, x), (t, x) ∈ Π[0,T ],
lim
τ→0
‖Dαuτ −Dαu‖C(ΠR
[0,T ]
) = 0.
The function u ∈ C1,∞(Π[0,T ]) is the solution to problem (2.1.1), (2.1.2).
Here C1,∞(Π[0,T ]) = {u(t, x)|D
αu, ut ∈ C(Π[0,T ]), |α| > 0}.
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2.2. General Parabolic Equation
We consider in Π[0,T ] = {(t, x)|0 6 t 6 T, x ∈ En} the problem
ut = L(u) + f, (2.2.1)
u(0, x) = u0(x), (2.2.2)
where L(u) =
n∑
i=1
ai(t, xi)uxixi +
n∑
i=1
bi(t, x)uxi + c(t, x)u.
Assume that the functions u0, ai satisfy the conditions (2.1.3), (2.1.4), respectively, functions
bi, c, f satisfy the conditions
|Dαbi(t, x)| 6 Mm, |α| = m, m > 0, (2.2.3)
|Dαc(t, x)| 6 χm, |α| = m, m > 0, (2.2.4)
|Dαf(t, x)| 6 σm, |α| = m, m > 0. (2.2.5)
Remark 2.2. It follows from relations (2.2.3)-(2.2.5), that for any integer p > 0 there are
constants M(p), χ(p), σ(p), which depend on p only, such that
|Dαbi(t, x)| 6 M(p), |α| 6 p, i = 1, . . . , n, (2.2.6)
|Dαc(t, x)| 6 χ(p), |α| 6 p, (2.2.7)
|Dαf(t, x)| 6 σ(p), |α| 6 p. (2.2.8)
We split the problem (2.2.1), (2.2.2) into the one-dimensional problems:
uτt = (n+ 1)a1u
τ
x1x1 + (n+ 1)b1u
τ
x1 , kτ < t 6 (k +
1
n+ 1
)τ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
uτt = (n+ 1)anu
τ
xnxn + (n+ 1)bnu
τ
xn , (k +
n− 1
n+ 1
)τ < t 6 (k +
n
n+ 1
)τ,
uτt = (n+ 1)cu
τ + (n+ 1)f, (k +
n
n+ 1
)τ < t 6 (k + 1)τ, (2.2.9)
uτ (0, x) = u0(x). (2.2.10)
The system (2.2.9) contains (n + 1) one-dimensional parabolic equations and one ordinary
diﬀerential equation, containing the parameters. The whole step contains (n+1) fractional steps.
The following theorems hold.
Theorem 2.3. Let C0(p) > 1 and conditions (2.1.3), (2.1.4), (2.2.3)-(2.2.5) be fulfilled. Then
the solution uτ (t, x) to the problem (2.2.9), (2.2.10) satisfies the estimates
|Dαuτ (t, x)| 6 Ck,j(p)e
θτ/(n+1), (t, x) ∈ Π[(k+ j−1
n+1 )τ,(k+
j
n+1 )τ ]
, j = 1, . . . , n+ 1, (2.2.11)
|Dαuτ (t, x)| 6 Ck(p)e
θτ , (t, x) ∈ Π[kτ,(k+1)τ ], k = 0, 1, . . . , N − 1; |α| 6 p, (2.2.12)
where Ck,j(p) = max
|α|6p
sup
En
|Dαuτ ((k + j−1n+1 )τ, x)|, C0(p) = C0,1(p), the constant θ depends on p
(on M(p), χ(p), σ(p) from (2.1.5), (2.2.6)–(2.2.8)) and does not depend on τ .
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Theorem 2.4. Let the conditions of Theorem 2.3 be satisfied. Then the solution uτ (t, x) of the
problem (2.2.9), (2.2.10) converge as τ → 0 to the function u(t, x) in Π[0,T ] and uniformly in
ΠR[0,T ] for any fixed R, R > 0, together with the derivatives D
αuτ (t, x), |α| > 0:
lim
τ→0
Dαuτ (t, x) = Dαu(t, x), (t, x) ∈ Π[0,T ],
lim
τ→0
‖Dαuτ −Dαu‖C(ΠR
[0,T ]
) = 0, |α| 6 p− 2.
The function u ∈ C1,∞(Π[0,T ]) is the solution to problem (2.2.1), (2.2.2).
Example 2.1. Inverse problem. We consider the equation
ut =
2∑
i=1
Li(t, x, u) + uzz + g(t, x)f(t, x, z), (2.2.13)
where x = (x1, x2), Li(t, x, u) = ai(t, xi)uxixi + bi(t, x)uxi , the functions ai = ai(t, xi) depend
on t and xi only, bi = bi(t, x) depend on t, x, f = f(t, x, z) = f(t, x1, x2, z) are given functions,
the coeﬃcient g(t, x) and the function u(t, x, z) are unknown.
We set the initial data
u(0, x, z) = u0(x, z), x, z ∈ E2, (2.2.14)
and the overdetermination condition
u(t, x, 0) = ϕ(t, x), (t, x) ∈ Π[0,T ]. (2.2.15)
Let’s put z = 0 in (2.2.13), we express the function g(t, x) from the obtained relation and
substitute the expression for g(t, x) =
Ψ(t, x)− uzz(t, x, 0)
f(t, x, 0)
in (2.2.13). We arrive at the equation
ut =
2∑
i=1
Li(t, x, u) + uzz +
Ψ(t, x)− uzz(t, x, 0)
f(t, x, 0)
f(t, x, z), (2.2.16)
In (2.2.16) the function Ψ = ϕt −
2∑
i=1
Li(t, x, ϕ) is a known function depending on ϕ and on
coeﬃcients ai, bi to operators Li.
Let
f(t, x, 0) > δ > 0, δ − const. (2.2.17)
We split the problem (2.2.16), (2.2.14) into the one-dimensional problems:
uτt = 4L1(t, x, u
τ ), nτ < t 6 (n+ 14 )τ, (2.2.181)
uτt = 4L2(t, x, u
τ ), (n+ 14 )τ < t 6 (n+
1
2 )τ, (2.2.182)
uτt = 4u
τ
zz, (n+
1
2 )τ < t 6 (n+
3
4 )τ, (2.2.183)
uτt = 4
Ψ(t,x)−uτzz(t−
τ
4 ,x,0)
f(t,x,0) f(t, x, z), (n+
3
4 )τ < t 6 (n+ 1)τ, (2.2.184)


(2.2.18)
uτ (0, x, z) = u0(x, z), (x, z) ∈ E2. (2.2.19)
It is assumed that conditions (2.1.4), (2.2.3) and
|Dγf(t, x, z)| 6 σm, |γ| = m, m > 0, (2.2.20)
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|Dαϕ(t, x)| 6 χm, |α| = m, m > 0, (2.2.21)
|Dγu0(x, z)| 6 σm, |γ| = m, m > 0 (2.2.22)
are fulﬁlled. In (2.2.20), (2.2.22) vector γ = (γ1, γ2, γ3) is a multi-index of dimension 3,
Dγ =
∂|γ|
∂x
γ1
1 ∂x
γ2
2 ∂z
γ3
, |γ| =
3∑
i=1
γi.
We diﬀerentiate (2.2.18), (2.2.19) twice with respect to z.
By virtue of independence of z the coeﬃcients of the equations (2.2.181)–(2.2.183) and con-
ditions (2.2.20)-(2.2.22) we conclud that the set uτzz(t, x, z) is bounded in Π[0,T ] uniformly on
τ > 0:
|uτzz(t, x, z)| 6 C, (t, x, z) ∈ G[0,T ]. (2.2.23)
In the view of (2.2.20)-(2.2.23), diﬀerentiating with respect to z the problem (2.2.18), (2.2.19),
we obtain in G[0,T ] the estimate
∣∣∣∣ ∂
j
∂zj
uτ (t, x, z)
∣∣∣∣ 6 N(p), j = 1, 2, . . . , p; p > 2. (2.2.24)
Let’s estimate the derivatives Dγuτ . We diﬀerentiate the problem (2.2.18), (2.2.19) with
respect to z. The function
∂juτ
∂zj
is a solution of system of the equations (2.2.18), in which
instead of f is taken
∂jf
∂zj
and
∂juτ (0, x, z)
∂zj
=
∂ju0(x, z)
∂zj
. (2.2.25)
The problem (2.2.18), (2.2.25) is exponentially stable on ﬁrst two fractional steps (Theorem 2.3,
inequality (2.2.11)). It is not diﬃcult to show the exponential stability of the problem (2.2.18),
(2.2.25) on the third and fourth fractional steps. Hence in G[0,T ] the estimate
∣∣∣∣ ∂
j
∂zj
Dαuτ (t, x, z)
∣∣∣∣ 6 N1(p), |α|+ j 6 p, N1(p)− const. (2.2.26)
holds. Due to (2.2.26) and (2.2.18) it follows that in G[0,T ]
∣∣∣∣ ∂∂tDγuτ (t, x, z)
∣∣∣∣ 6 N2(p), |γ| 6 p− 4, N2(p)− const. (2.2.27)
By virtue of (2.2.26), (2.2.27) and Arzela’s theorem we can choose a subsequence uτ (without
changing the notation) which converges at τ → 0 to the function u together with all derivatives
Dγuτ :
Dγuτ (t, x, z)→ Dγu(t, x, z), (t, x, z) ∈ G[0,T ],
||Dγuτ (t, x, z)−Dγu(t, x, z)||C(GK
[0,T ]
) → 0 (2.2.28)
for any ﬁxed K > 0 and all |γ| > 0.
In view of (2.2.28) by Theorem 2.4.1 in [7] the function u(t, x, z) is the solution to the problem
(2.2.16), (2.2.14) in the class C∞(G[0,T ]). Taking into account the matching condition u0(x, 0) =
ϕ(0, x) by the known way [12] we can prove that u(t, x, z) satisﬁes to the overdetermination
condition (2.2.15) and the pair of functions u(t, x, z), g(t, x) is the solution to problem (2.2.13)-
(2.2.15). 2
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